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Abstract 
Fractions can be a tricky concept for students although they often use the concept of sharing in their daily lives. Notation of
fractions and formal vocabulary may be some reasons for that. Students may have difficulty with learning fractions since they do
not like behave normal numbers (Ardogan & Ersoy, 2003; Graeber & Triosh, 1990). The aim of this paper is to understand the 
students’ conceptual and procedural understanding of addition and subtraction of fractions. Pirie and Kieren Model is used as a
framework. This model is supported with the hands-on activities and implemented with Australian students. 
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1. Introduction 
Fractions are one of the basic but poorly understood concepts in mathematics in elementary school curriculum. 
Students can understand simple issues whereas they have difficulty in learning more abstract concepts in fractions 
(Askew & Ebbutt, 2000). Students do not try to understand the logic behind the fractional operations instead they 
memorize the rules, formulas, algorithms and terms (Murray & Newstead, 1998). Students learn better, when they 
actively involved in the learning process by making connections, making generalizations and solving problems. 
Hands on activities are one of the solutions to overcome these problems that encourage higher level thinking 
abilities not memorization. In this study, Pirie and Kieren’s model of the growth of Mathematical understanding, 
which is a constructivist and dynamic process that involves eight levels in concentric circles, for teaching addition 
and subtraction of fractions was adapted, and materials related with hands-on activities were developed. The study 
was implemented with twelve sixth grade students and twelve eighth grade students in Australia. The results are 
discussed after a quick review of Pirie and Kieren Model, research based difficulties with addition and subtraction of 
fractions and hands on instructional strategies.  
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2. Pirie and Kieren Model 
Pirie and Kieren model is a recursive theory of mathematical understanding. Growth of mathematical 
understanding as a dynamic, leveled but non-linear process. There are 8 embedded levels of understanding from 
initial primitive knowing to inventising (figure 1).  
The first level is primitive knowing which refers previous knowledge of the learner brought to the context. The 
second level is image making. The learner makes distinctions in previous knowing and uses it in new ways. The 
third level is image having. The learner constructs an image about a topic in the mind. The next level is property 
noticing; the properties of the constructed image are identified in this level. In the formalizing level, a method, rule, 
or property is generalized from the properties. The learner verbalizes and expresses about the formalized concept at 
observing level. The learner organizes the formal observations and think about them as a theory at structuring level. 
The outermost level is inventising. The learner at the inventising level has “a full structured understanding and may 
therefore be able to break away from the preconceptions which brought about this understanding and create new 
questions which grow into a totally new concept” (Pirie and Kieren, 1994, p. 171).   
Figure 1. The Pirie–Kieren layers
3. Difficulties with Addition and Subtraction of Fraction 
Students do not try to understand the logic behind the fractional operations instead they memorize the rules, 
formulas, algorithms and terms (Murray & Newstead, 1998; Hanson, 1995). Students have difficulty with 
adding/subtracting fractions with unlike denominators; students may add/subtract the numerators and denominators 
separately and then write the results respectively as numerator and denominator instead of equating the 
denominators and then adding them (Ardogan & Ersoy, 2003; Graeber & Triosh, 1990). 
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4. Hands-on Activities 
As cited in Bristow (2000), Hauri & Lillero (1994) told that “learning by doing” would be accomplished 
thorough the use of the carefully planned activities that encourage the students’ involment. These activities would 
help students better understand the world around them. Kyle, Bonnsetter and McCloskey (1985) stated that using 
hands-on activities helps teachers make the lessons more interesting and funny, excite their students’ curiosity (as 
cited in Bristow, 2000). Long (2004) concluded in his study that hands-on activites are good for both teachers and 
students. Hinzman (1997) found that performance of students and attitudes of students towards mathematics were 
positively affected by hands-on activities used in the classroom at the middle school level.   
5. Method 
Case study, which is a kind of qualitative research methodology, was used in this study. “A case study is a 
detailed examination of one setting, or a single subject, a single depository of documents or one particle event” 
(Bogdan & Biklen, 1998). The study was implemented at an Australian private college. Twelve sixth grade students 
and twelve eighth grade students were involved. The researcher observed the class during implementation and took 
notes. Students completed students’ task sheet first and then achievement test. These materials are prepared 
according to Australian curriculum. The task sheet and achievement test were piloted with a sixth grade student 
before the implementation. The student took the task-sheet, and then achievement test. The researcher asked some 
questions about the answers. The materials were modified according to the answers both in written and oral mode by 
this student. The class teachers’ ideas were also taken for modification.  
6. Results and Discussion 
The task sheets and the achievement test were analyzed with qualitative methods. The results showed that 
questions that require symbolic explanation were completed more successfully by students when compared with the 
questions that require verbal explanation. The results also showed that students had difficulty with the questions in 
the structuring and inventising levels. The results and some students’ answers are given below. 
x Most of the students understood comparison of fractions and explained it well (Figure 2). 
Figure 2.  A student’s answer  in the achievement test 
x Most of the students understood addition/subtraction of fractions with like denominators and figured it well 
(Figure 3). 
Nurgul Duzenli-Gokalp and Manjula Devi Sharma / Procedia Social and Behavioral Sciences 2 (2010) 5168–5171 5171
Figure 3.  A student’s answer  in the task sheet 
x Some of the students misunderstood addition of fractions with unlike denominators and figured it in a 
wrong way.  
x Many students chose to use the words rather than using symbols (Figure 4) 
Figure 4.  A student’s answer  in the task sheet 
This study is useful for the researchers who are interested students’ conceptual and procedural understanding of 
fractions. It is useful for the teachers while planning their lessons. The other sections of the fraction unit such as 
multiplication and division of fractions, comparison of fractions etc. can be adapted for future research.  
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